The literature on optimal income taxation assumes that wage rates are generated exogenously by innate ability and therefore do not respond to behavior and taxation. This is in stark contrast to a large empirical literature documenting a strong effect of current work effort on future wage rates. We extend the canonical Mirrleesian optimal tax framework to incorporate such career effects and provide analytical characterizations that depend on estimable entities. Besides the standard static earnings elasticity with respect to the marginal tax rate, the optimal tax schedule also depends on the elasticity of future wages with respect to current work effort. We explore the empirical magnitude of this "career elasticity" in a meta-analysis of the literature on the returns to work experience and tenure, concluding that a reasonable value for this elasticity lies between 0.2 and 0.4. Calibrating the model to US micro data (under reasonable values of the career elasticity), we present numerical simulations of optimal nonlinear tax schedules that depend on per-period earnings and potentially on age. In the case of age-independent taxation, the presence of career effects make the tax schedule substantially less progressive than in standard models with exogenous wage rates. In the case of age-dependent taxation, career effects create a strong argument for lower taxes on the old, opposite the recommendation in the recent literature on age-dependent taxation. This result reflects both a career incentive effect and an equity effect, where the latter effect arises because increasing earnings over the career path for each ability level imply that, conditional on earnings, age and ability are negatively correlated.
Introduction
The modern literature on optimal income taxation is cast in the Mirrleesian framework in which innate ability generates a wage rate that is exogenous and therefore unrelated to individual behavior and taxation. This holds both for static versions of the framework (e.g. Mirrlees, 1971; Diamond, 1998; Saez, 2001 ) and for recent dynamic versions (e.g. Golosov et al., 2007 Golosov et al., , 2011 Farhi & Werning, 2012) in which the wage rate is allowed to change over time in a potentially non-deterministic fashion, but never depends on behavior. In this literature, earnings in any period of the life cycle respond to taxation only through contemporaneous changes in hours worked. This assumption stands in sharp contrast to a large body of work in labor economics studying the various ways in which current behavior-including work effort-affects future wages. Motivated by this research, we explore the optimal tax implications of breaking the simple mapping between abilities and wages by allowing current hours worked to affect future productivity and wages.
The link between work effort and future wages is widely documented in a vast literature in labor economics. This literature studies the relationship between the wage rate and various measures of work experience, including potential experience (age minus schooling), actual experience, tenure in an individual's current job, and experience lost as a result of job losses (see MaCurdy, 1999 and Farber, 1999 for surveys). Conceptually, a variety of mechanisms are likely to be in operation such as improvements in general and firmspecific human capital (Ben-Porath, 1967) , improvements in employer-employee matches (e.g. Manning, 2000) and ability signaling effects (Holmström, 1999) . In this paper, we capture all the channels through which current labor supply affects future wage rates in a simple reduced-form relationship, which keeps the otherwise very complicated dynamic optimal taxation problem tractable and allows us to obtain transparent analytical results that depend on empirical entities.
To explore the empirical magnitude of these effects, we conduct a meta-analysis of seventeen empirical studies that permit the derivation of an estimate of the elasticity of future wages with respect to current work effort-the parameter that we show is crucial for optimal income taxation. We find that 80% of the 108 estimates of this "career elasticity" lie between 0.19 and 0.38, implying that an additional 10% of work effort when young raises wages when old by between 2 and 4%. These effects are strong enough to have important qualitative and quantitative implications for optimal tax schedules.
Our paper also contributes to the recent debate about age-dependent taxation, as reviewed by Banks & Diamond (2011) in the recent Mirrlees Review. This work argues that age constitutes a useful tagging device (Akerlof, 1978) , which can be used to relax the incentive compatibility constraints of the optimal income tax problem. For instance, applying the static Mirrlees model separately to different age groups, Kremer (2001) argues that earnings distributions and labor supply elasticities are so different across ages that the implied pattern of optimal tax rates would vary greatly by age. More recently, the dynamic optimal tax literature considers this question (Weinzierl, 2011; Golosov et al., 2011; Farhi & Werning, 2012) and finds that age-dependent tax schedules with higher tax rates on older workers are welfare-improving and able to realize most of the gains from a fully optimized historydependent tax schedule. A key reason for the power of age-dependence in this literature is the fact that the observed wage distribution of older workers features both a higher mean and a higher variance than the wage distribution of younger workers (Weinzierl, 2011) . Seen through the lens of the Mirrlees model, this translates to differences in the mean and variance of the ability distribution that creates an equity and insurance argument for higher taxes on the old. What this argument neglects is that the difference in the wage distributions of the young and the old reflects, not differences in exogenous ability, but the fact that the young and the old are observed at different stages of their (endogenous) careers. This is the issue that forms the basis of our paper, and we show that it can reverse previous conclusions in the literature.
1
As our framework of analysis, we consider a two-period Mirrlees model in which the wage rate as young equals innate ability while the wage rate as old is a general function of innate ability and hours worked as young. The young and the old have drawn their abilities from the same underlying ability distribution, but face different wage rates for two reasons. One reason is that effort as young serves as an investment in labor productivity as old (behavioral career effect). The other reason is that, independently of individual behavior, a given innate ability may be associated with an age-varying wage profile rather than a constant wage over the career (what we call a mechanical career effect).
2
We show that the presence of behavioral career effects provides a plausible micro-foundation for the well-documented empirical fact that labor supply elasticities are larger for older workers than for younger workers (e.g. Blundell & MaCurdy, 1999) . Since the young are working to raise future wages as well as for consumption in the present while the old are working only to finance consumption in the present, the labor supply of the young is naturally less elastic than the labor supply of the old under the same preferences. Besides these implications for the own-tax elasticities of the young and the old, career effects have implications for the cross-tax elasticities as, for example, lower taxes on the old induce the young to work harder due to the effort investment effect, what we label the aspiration effect in the paper.
We consider a preference structure allowing us to bypass issues related to savings and capital taxation, and provide analytical characterizations of the optimal taxation of labor earnings that relate in intuitive and transparent ways to existing results without career effects.
3 These characterizations show that the optimal tax schedule can be expressed as a function of long-run earnings elasticities for the young and the old that incorporate the implications of endogenous career paths. Since such long-run earnings responses are not what is captured by the empirical labor supply and taxable income literatures using shortrun variation in micro data (as pointed out by, e.g., Piketty & Saez, 2013) , we show that the relevant long-run elasticities depend on two underlying sufficient statistics: the standard static earnings elasticity with respect to the marginal net-of-tax rate (as estimated in the enormous taxable income elasticity literature) and the elasticity of future wages with respect to current work effort (the magnitude of which can be inferred from the large literature on the returns to work experience and tenure). For the case of age-dependent taxation, this framework brings to the fore two important effects that have been ignored in previous optimal tax analyses. First, in the empirically relevant case of increasing wage profiles over the career, an old worker of a given ability level has a higher wage rate and higher earnings than a young worker of the same ability level. As a consequence, an old worker at a given earnings level must be of lower ability than young workers at the same earnings level. Therefore, conditional on earnings, age is negatively correlated with ability which creates a classical tagging argument for supplementing an earnings-based income tax with a tax break to older workers. Second, the presence of behavioral career effects create an efficiency argument for lower taxes later in the career, an effect that operates through the own-tax and cross-tax elasticities of labor supply described above. In particular, lower taxes on the old are desirable both because older workers are relatively elastic with respect to their contemporaneous tax rate and because younger workers are elastic with respect to their future tax rate via the aspiration effect. In summary, both the age-ability correlation effect and the elasticity effects call for age-dependent taxation with lower income tax rates on older workers.
4 This is directly opposite to the policy recommendation in the recent optimal tax literature, but is consistent with the policy debate outside economics in which age-dependence is typically discussed in the context of tax breaks for older workers.
5
When taxes are constrained to be age-independent, we show that the optimal schedule of marginal tax rates can be written as a weighted average of the two optimal age-dependent marginal tax rate schedules. Since earnings increase over the career path, at higher income levels a greater fraction of the population is old and so the weight placed on the old relative to the young in the optimal marginal tax schedule is increasing in income. As the optimal agedependent marginal tax rates are lower on old workers, the increasing weight on the old makes the optimal age-independent marginal tax rate schedules flatter-less progressive-than in the standard model with exogenous wage paths.
In order to ascertain the quantitative implications of the new effects we have identified, we carry out numerical simulations based on data for the United States, extending the simulation method set out by Saez (2001) to a setting with career effects. The simulations for agedependent tax schedules reaffirm the theoretical arguments made above. In a setting with no behavioral career effects (but mechanical career effects generating an increasing wage profile over the life cycle at a given ability), the optimal tax system features a weak degree of age dependence with slightly higher taxes on older workers. However, even very modest behavioral career effects are sufficient to reverse this result and generate lower taxes on older workers. Under realistic assumptions about the strength of career effects (based on our empirical meta-study), it is possible to generate very strong age dependence with much lower 4 Besides these two effects, a third offsetting effect is driven by the different hazard ratios of the earnings distributions of young and old workers. Optimal marginal tax rates on earnings depend positively on such hazard ratios (see e.g. Saez, 2001 , in the context of the standard Mirrlees model), and the empirical fact that earnings distributions of old workers feature higher hazard ratios than earnings distributions of young workers makes it more efficient to tax the old than the young, other things equal. This is precisely the effect that is central to the results in Kremer (2001) and Weinzierl (2011) , as discussed above, but in our analysis it is not sufficiently strong to overturn the other arguments calling for lower taxes on the old.
5 For example, the UK tax system involves limited age-dependence favoring old workers, and the Mirrlees Review proposes to go further in this direction.
taxes on older workers. This result is driven by the age-ability correlation and elasticity effects discussed above. 6 The simulation results for age-independent tax schedules show that even modest career effects can have substantial impacts on optimal marginal tax rates, which are lower and flatter than in the absence of career effects. The idea that work effort represents an investment in higher future wages (for example via learning by doing) is related to the large literature on human capital investments. Since the implications of standard human capital investments (formal education) for optimal taxation have been explored in earlier work (e.g. Eaton & Rosen, 1980; Bovenberg & Jacobs, 2005) , it is important to note that the tax implications of learning by doing are fundamentally different from the implications of education. First, education and work represent two substitutable uses of time, and the key cost of education is therefore the opportunity cost of foregone net-of-tax earnings during education. This implies that education costs are effectively tax deductible in which case income taxation need not distort human capital investments at all (Eaton & Rosen, 1980) . By contrast, since learning by doing is a byproduct of work effort, income taxation will always distort this form of human capital investment. Second, formal education is an activity that can be observed and therefore directly subsidized or taxed by the government, whereas learning by doing cannot be separated from labor supply and so cannot receive a separate tax treatment. For both of these reasons, models of optimal taxation with endogenous education are conceptually very different from our framework and do not shed light on the issues that we highlight in this paper. As far as we are aware, the only previous paper that allows for learning-by-doing effects in the context of optimal income taxation is Krause (2009) , who focuses on the implications of such effects for the no-distortion-at-the-top result in the context of a two-type Stiglitz (1982) model.
We will proceed as follows. Section 2 presents the setting and shows the implications of career effects for earnings elasticities. Section 3 characterizes optimal income tax schedules and discusses the implications of career effects for both age-dependent and age-independent taxation. Section 4 investigates empirically the career effect of work effort based on a metaanalysis of the literature on experience and tenure effects. Section 5 presents numerical simulations that demonstrate the quantitative importance of career effects for optimal tax policy, and finally section 6 concludes.
The Setting

Individuals
We analyze the simplest possible setting that allows us to explore the implications of career effects for optimal tax schedules. Individuals live for 2 periods, i ∈ {y, o}, work in both of them and at any point in time there is a continuum of mass 1 of individuals of each age alive. They have time separable preferences with no discounting and their per-period utility is quasi-linear and given by u (c i ,
. This formulation has the virtue that individuals will not save and so we can focus on the analysis of wage effects without the additional complication of saving effects.
In the first period of life, individuals are paid according to their innate ability n, the distribution of which is given by the cdf F (n). Therefore, earnings when young are z y = nl y (n). Our key innovation is to allow the second-period wage to depend both on innate ability and on the first period's effort choice. We allow this effect to manifest itself in a very general way, merely positing that the wage rate when old ω is a general function of innate ability and first-period effort, i.e. ω = ω (n, l y ). Earnings when old are then given by z o = ω (n, l y ) l o . The responsiveness of the wage rate when old to innate ability may be captured by the elasticity η = and reflects the behavioral career effect due to the investment component of work effort as young. When we turn to simulations of the optimal tax schedules in section 5, we will assume that we are in the empirically plausible case where η, δ ≥ 0, however note that this restriction is not necessary for our derivations of the optimal tax schedules.
Since there are no savings, consumption at age i is simply equal to earnings net of income taxes at that age, i.e. c i = z i − T i (z i ). The income tax liability at age i, T i (z i ), depends on earnings at that age (but not on earnings at other ages) and possibly on age itself (as the T i (.) function is allowed to vary with i). This is consistent with real-world tax schedules, which are always based on annual income and sometimes feature aspects of age-dependence (see, for example, the Mirrlees Review for a description of age-dependence in the UK tax system).
Lifetime utility is given by
(1) which has first-order conditions for earnings chosen when young and when old given by
where
is the marginal tax rate on earnings in period i.
Earnings Elasticities
To facilitate interpretation of our main results, this section starts by characterizing the relationship between the strength of career effects and earnings elasticities for the young and the old. 7 At the extreme, when there are no behavioral career effects (δ = 0), this model reduces to a simple two-period version of a standard optimal income tax model like that studied in Diamond (1998) . In particular, the young are responsive only to the tax schedule they face when young even though they know the tax schedule they will face when old, and similarly for the old. This is because their behavior when young does not affect the decision-making problem as old, and vice versa. Moreover, it is easy to see from the first-order conditions (2) and (3) that the elasticity of earnings at age i with respect to the marginal net-of-tax rate at that age, 1 − τ i , is given by the utility parameter e for both age groups. However, when we introduce career effects through δ > 0, this changes. We define the elasticity of earnings at age i with respect to the marginal net-of-tax rate at age j as
. Applying the implicit function theorem to the pair of first-order conditions (2) and (3), Appendix A shows that the earnings elasticities can be expressed as
. The elasticities E yy and E oo are contemporaneous earnings elasticities of the young and the old with respect to the marginal net-of-tax rates faced at those respective ages, while E yo and E oy are intertemporal earnings elasticities of the young and the old that reflect the presence of career effects. The elasticity E yo reflects what we refer to as the aspiration effect: since part of the return to current work effort is higher future wages, and individuals anticipate the rate at which those future wages will be taxed, a higher tax rate later in life reduces the career investments made through work effort earlier in life. The elasticity E oy reflects what we refer to as the accumulation effect: a higher tax rate on the young reduces work effort and therefore earnings by the young, which has a negative knock-on effect on the wage rate and labor supply of those individuals when they become old.
In the following, we present three lemmas that clarify the precise link between the career effect δ and the size of earnings elasticities. The proofs of these lemmas are provided in appendix A. The first lemma shows how the contemporaneous responsiveness of the two age groups is affected by the presence of career effects: Lemma 1. In the absence of behavioral career effects, δ = 0, the contemporaneous earnings elasticities of the young and the old are given by E yy = E oo = e. In the presence of behavioral career effects, δ > 0, the contemporaneous earnings elasticity of the young is lower while that of the old is larger than in the absence of such effects, i.e. E yy < e and E oo > e.
Intuitively, the young are working both for current wages (taxed at rate τ y ) and to raise their wages when old (taxed at rate τ o ), and so their earnings are naturally less elastic to their tax rate as young than is implied by the standard static elasticity e. Meanwhile, the earnings of the old respond to the tax rate when old both through a standard static hours-of-work response governed by the e-parameter and through a dynamic wage-rate response coming from the effect of the tax rate when old on the incentive while young to invest in higher wages as old. Notice that these earnings elasticities (and those discussed below) reflect full dynamic effects on earnings at different ages by taxpayers who plan their entire life cycle profile of earnings, perfectly anticipating the tax schedule faced in each period. These are, of course, the relevant elasticities to consider for the optimal tax analysis that follow, which focuses on the optimal tax policy by a government that can fully commit to future tax rates.
Next, we turn to the implications of career effects for the aspiration and accumulation elasticities: The intuition behind these results follows naturally from the fact that, in this model, it is precisely the effect of current work effort on future wage rates that creates an intertemporal link between taxation and earnings across different periods. With positive career effects of work effort, earnings in one period respond positively to the net-of-tax rate in another period, and the size of this response is increasing in the size of the career effect δ.
The elasticities considered so far measure earnings responses as young or old to the tax rate in one period of life taking as given the tax rate in the other period. It is useful to also consider total earnings responses by the young and the old to a change in the tax rate in both periods of life. Defining the total elasticity of earnings at age i as E i ≡ E iy + E io , we can state the following:
Lemma 3. In the presence of behavioral career effects, δ > 0, the total elasticity of earnings in each period is larger than the standard static elasticity, i.e.
Moreover, with δ > 0, the total elasticity of earnings as old is larger than the total elasticity of earnings as young, i.e.
E o > E y
These results demonstrate that career effects increase the overall responsiveness of earnings to income taxation and therefore exacerbate the efficiency costs of taxation. Moreover, the degree to which career effects increase the responsiveness of earnings is stronger for the old than for the young. This last result not only provides an interesting and plausible microfoundation for the often reported finding that labor supply and earnings elasticities are larger for the old than for the young (see, for example Blundell & MaCurdy, 1999) ,
8 it also has potentially important implications for optimal tax structure and in particular the desirability and design of age-dependent taxes.
The Government
We consider a government imposing an "annual" income tax that may or may not depend on the age of the taxpayer. That is, an individual's tax liability in a given period depends exclusively on within-period income and possibly on age. This is analytically and conceptually different from considering a government choosing fully history-dependent tax schedules in which an individual's tax liability when old may depend directly on income earned when young. We focus on annual age-dependent tax schedules rather than fully history-dependent schedules, because the former is empirically more relevant: real-world income tax systems are based on annual time-separable tax liability and occasionally involves some age-dependence, but are in general not history dependent. 9 While at present, age-dependence in the income tax system is used either in a very limited fashion in some countries (e.g. United Kingdom) or not at all in other countries (e.g. United States), it is interesting to analyze because of several recent proposals to introduce age as a tagging device in tax systems. We characterize optimal tax policy both when full age dependence is allowed (general schedules T y (z) , T o (z)) and when no age dependence is allowed (schedules
We assume throughout that the government can fully commit to future tax rates.
In the case of age-dependence, the government chooses tax schedules for the young and the old T y (z) , T o (z) to maximize social welfare subject to incentive compatibility constraints and a revenue-raising constraint, i.e.
is an additively separable social welfare function defined over the lifetime utility of individuals, R is an exogenous revenue requirement, and the size of each generation has been normalized to 1. The government's redistributive tastes may be captured by social welfare weights equal to the social marginal utility of income for different individuals expressed in terms of the marginal value of public funds. For an individual of ability n, the social welfare weight is defined as
where λ is the Lagrange multiplier on the government budget constraint, the marginal value of public funds. It will be useful to translate this welfare weight from being a function of ability to being a function of income, so we also define
are the equilibrium earnings when old of an individual who earns z when young and z y (z) are the equilibrium earnings when young of an individual who earns z when old. z y (z) , z o (z) are increasing functions of z as long as z y (n) , z o (n) are increasing functions of n. As in the standard Mirrlees model, the condition that z y (n) , z o (n) are increasing in n is necessary and sufficient to ensure that a given path for z y (n) , z o (n) can be implemented by a truthful mechanism or, equivalently, by a nonlinear tax system. The analytical characterization in section 3 assumes that this condition is satisfied while section 5 verifies this numerically.
Optimal Tax Schedules
This section characterizes analytically the implications of career effects for the optimal nonlinear tax schedule in the age-dependent and age-independent cases. We derive optimal tax formulas using both Hamiltonian and tax perturbation approaches, where the latter is particularly useful for facilitating economic intuition about the role of different effects. The optimal marginal tax rates are expressed in terms of entities that are observable or estimable in the manner of Diamond (1998) and Saez (2001) , which lends itself naturally to a calibration exercise as considered in section 5. As we describe in detail below, the implications of behavioral career effects for optimal income taxation can be split into elasticity effects coming from how careers affect the responsiveness of earnings by the young and the old to taxes, a welfare weight effect coming from how careers affect the social marginal utilities of income of the young and the old, and a hazard ratio effect coming from how careers generate different earnings distributions for the young and the old.
Optimal Age-Dependent Taxes
In this section we characterize the optimal age-dependent, nonlinear income tax schedule {T y (z) , T o (z)} with corresponding marginal tax rate schedules {τ y (z) , τ o (z)}. We can show: Proposition 1. The optimal age-dependent tax schedule, T i (z) at age i ∈ {y, o} , is associated with marginal tax rates
where (for i = j) we have
at any earnings level z. In these expressions, H i (.) and h i (.) denote the equilibrium cdf and pdf, respectively, of earnings at age i.
Proof. Here we prove the result directly using a tax perturbation method (as first developed by Piketty, 1997; Saez, 2001) , first for the young and then for the old as this illustrates the intuition for the results better. A technically more rigorous proof based on the Hamiltonian approach is found in appendix B alongside a proof that the two methods produce equivalent results in the context of our model. For the young and the old separately, consider a small perturbation around the optimal tax schedule as depicted in Figure 1 . The perturbation increases the marginal tax rate by a small amount dτ i at age i on incomes falling in a small band (z, z + dz) but is otherwise left unchanged.
The tax schedule of the young
We first consider the perturbation in the tax schedule of the young. The marginal tax rate increase dτ y in the small band (z, z + dz) has a mechanical effect on tax revenue and welfare for all young individuals above z as well as two behavioral effects on those with earnings between z and z + dz as young. We proceed to analyze the three effects separately:
Mechanical Welfare Effect All young taxpayers with earnings above z pay dτ y dz more in taxes (holding behavior constant), which creates a mechanical revenue gain for the government but reduces the utility of those individuals. The net social welfare effect of the mechanical tax increase of a young individual with income z is given by dτ y dz · [1 − g y (z )]. Hence, the total mechanical effect on social welfare is given by
Contemporaneous Earnings Effect Using the definition of the contemporaneous earnings elasticity of the young E yy in section 2.2, each young person in the band (z, z + dz) reduces earnings by −E yy · dτy 1−τy(z) · z. Multiplying the earnings response by the marginal tax rate τ y (z), we get the change in tax liability by each individual in this band. As there are h y (z) dz young individuals in the band, the total effect of contemporaneous earnings responses on tax revenue is given by
Accumulation Effect The labor supply response of young workers located in the band (z, z + dz) affects human capital accumulation and therefore the wage rate and earnings of those young workers when they become old. As established earlier, a given tax system is associated with a mapping between earnings as young and earnings as old, so that a person with earnings z as young has earnings z o (z) as old. This implies that changing the tax rate on young workers at income level z has an accumulation effect on old workers at income level 
) is equal to the number of young workers who changed their labor supply in response to the higher tax rate on the young (those in the band (z, z + dz) of the distribution h y (z y )), i.e. we have h o (z o (z)) dzo dz dz = h y (z) dz , and therefore the total effect on tax revenue due to the accumulation effect on all old workers affected is given by
Optimality At the optimal tax schedule, there should be no first-order welfare effect of this perturbation, and so we have
Inserting the above expressions and rewriting gives the following optimality condition on the tax schedule for the young
which, after multiplying and dividing by 1 − H y (z), is equivalent to the expression in Proposition 1 for i = y.
The tax schedule of the old
As in the tax perturbation for the young, the marginal tax rate increase on the old dτ o in the band (z, z + dz) gives rise to a mechanical welfare effect above z along with two behavioral effects on those between z and z + dz as old. The mechanical welfare effect on the old is analogous to the expression for the young:
There is also a contemporaneous earnings effect on the old taking the same form as for the young:
Finally, instead of the accumulation effect of the tax perturbation for the young, we have an aspiration effect of the tax perturbation for the old.
Aspiration Effect
The higher tax rate on old workers in the earnings band (z, z + dz) discourages young workers who anticipate being in this band when old from investing in future productivity and earnings. Using the mapping between earnings as young and earnings as old, this behavioral effect on the young occurs in the earnings band (z y (z) , z y (z + dz)). The change in earnings by each young worker who is affected equals −E yo · dτo 1−τo(z) ·z y (z). The number of young workers affected (those in the band (z y (z) , z y (z + dz)) of the distribution h y (z y )) is equal to the number of old workers facing a higher marginal tax rate (those in the
This implies that the total effect on tax revenue due to the aspiration effect can be written as
Optimality At the social optimal, we have
which gives the expression in Proposition 1 for i = o. We have thus characterized the optimal tax schedule in terms of two expressions that share several qualitative features with the standard formulas in Diamond (1998) and Saez (2001) , but with some important differences that bear fleshing out. We will discuss these in the context of their implications for the optimal form and degree of age dependence in the tax system.
Age Dependence in the Optimal Tax System
The existence of career effects of work effort has implications for all three terms in the optimal income tax formula (5): the inverse elasticity term A i , the welfare weight term B i and the hazard ratio term C i . Considering each of these terms separately, we now discuss the implications of career effects for optimal income tax structure. We emphasize how career effects change the three key terms in different ways for the young and the old, and therefore have important effects on the optimal form and degree of age dependence in the tax system.
The elasticity effect of careers operates through A y (z) and A o (z). For the taxation of old workers (A o (z) term), Lemmas 1 & 2 show that career effects δ > 0 give rise to a contemporaneous earnings elasticity for the old that is larger than the standard static elasticity, E oo > e, as well as a positive aspiration elasticity for the young, E yo > 0. The combination of these effects imply A o (z) < 1/e, so that the inverse elasticity term for old is always smaller than in standard models without career effects. This calls for lower taxes on the old, other things equal. For the taxation of young workers (A y (z) term), Lemmas 1 & 2 show that δ > 0 implies a contemporaneous earnings elasticity for the young that is smaller than the standard elasticity, E yy < e, along with a positive accumulation elasticity on the old, E oy > 0. Hence, depending on the magnitudes of these elasticities, A y (z) may be either below or above 1/e. Due to fact that the elasticities E yy , E oy (see equation 4) and the weighting term on E oy in the optimal tax formula are endogenous to the tax system itself, it is not possible to analytically determine if A y (z) is smaller or greater than 1/e. Nevertheless, our numerical simulations (discussed in section 5) show that A y (z) 1/e under a wide range of reasonable parameter assumptions, so that the elasticity effect of careers calls for either unchanged or higher taxes on the young, other things equal. The combination of these insights imply that the elasticity effect on its own calls for age-dependent taxes with lower taxes on the old than on the young, conditional on earnings.
The welfare weight effect of careers operates through the terms B y (z) and B o (z). In the discussion, it is useful to denote by G i (z) the average social welfare weight on individuals of age i with earnings above z, so that we may write B i (z) = 1 − G i (z). When considering the effect of age on the average social welfare weight G i (z), notice first that the social welfare weight on any given individual is a function of her lifetime utility which depends on her innate ability, but not on her age. However, the average social welfare weight over the earnings segment (z, ∞) is not independent of age, because this earnings segment is associated with different ability segments for the young and the old due to career effects. Since earnings profiles are increasing over the life cycle, the pool of old workers with earnings above z consists of all those whose earnings were above z as young and also some individuals whose earnings were below z as young. Given that earnings are increasing in ability n conditional on age (the condition for implementability of the direct mechanism), those below z as young must be of lower ability than those above z as young. Denoting the average welfare weight among workers who are below z as young but above z as old by G y (z − ), it follows that
under concave social preferences. The average social welfare weight on old workers above z can then be written as
for s ∈ (0, 1). Intuitively, with increasing earnings profiles over the career path at each ability n, older workers in a given earnings range are, on average, of lower ability than young workers in the same earnings range (age and ability are negatively correlated, conditional upon earnings), and therefore the average social welfare weight on the old is larger than on the young. This effect implies B o (z) < B y (z), and so the welfare weight effect, like the elasticity effect discussed above, calls for age-dependent taxes with lower taxes on the old than on the young, conditional on earnings. Finally, the hazard ratio effect of careers operates through the terms C y (z) and C o (z). These hazard ratios can be seen as measures of the thickness of the earnings distribution above a cutoff z for the young and the old, respectively. As an example, if earnings are distributed according to the Pareto distribution, these ratios are equal to the inverse of the Pareto parameter and measure the thickness of the upper tail. In our model, the presence of increasing earnings profiles over the career create an earnings distribution for older workers with a thicker upper tail than for younger workers, which implies C o (z) > C y (z) at least for a high enough z. This prediction is borne out by the data (hazard ratios under actual tax systems) and by our numerical simulations below (hazard ratios under the optimal tax system), in which the hazard ratio is larger for older than for younger workers, except at very low levels of earnings. On its own, this effect calls for higher taxes on the old than on the young, conditional on earnings, and therefore works to offset the elasticity and welfare weight effects described above. This hazard ratio effect is what drives the strong age-dependence results in Weinzierl (2011) . In our framework, it is not possible to establish analytically whether the hazard ratio effect (calling for higher taxes on the old) is able to dominate the elasticity and welfare weight effects (calling for lower taxes on the old), and so we turn to numerical simulations based on U.S. micro data to explore this in section 5.
Optimal Age-Dependent Top Tax Rates
Assuming that the upper tails of the earnings distributions for the young and the old are both Pareto distributed (with potentially different Pareto parameters), the optimal top marginal tax rates depend on career effects in a particularly simple way. We state the following proposition
Proposition 2. Suppose that for very high incomes, the earnings of the young and the old are distributed according to Pareto distributions with Pareto parameters a y and a o respectively. Suppose further that the welfare weights on the young and the old converge toḡ y andḡ o and that the elasticities E ij , i, j ∈ {y, o} converge to constant values denoted byĒ ij . Then the optimal top marginal tax ratesτ i on the young (i = y) and the old (i = o) are given bȳ
where i, j ∈ {y, o} , i = j.
Proof. To prove the proposition, we show that each of the components of equation (5) x. For individuals in age group i the limiting value of the ratio of their earnings when in the other age group j to their current earnings is lim z→∞
. Combined with the assumption that the elasticities E ij converge to constant values this implies that
. Combining these pieces establishes the result in equation (6). Equation (6) highlights the three conceptual effects discussed in section 3.2 in a very simple way. The welfare weight effect is captured by the term 1 −ḡ i (where we haveḡ o >ḡ y since increasing career-earnings profiles imply that, conditional on earnings, the old have lower abilities than the young), the hazard ratio effect is captured by the inverse of the Pareto parameter 1/a i (where we have a y > a o since increasing career-earnings profiles create a thicker upper tail in the earnings distribution of the old than in the earnings distribution of the young), and finally the elasticity effect is captured by the bracketed term in the denominator (where career effects implyĒ oo >Ē yy andĒ yo >Ē oy , favoring lower taxes on the old). Note also that, in the limit where z → ∞, the welfare weights on both age groups will asymptote to zero under standard concave social welfare functions, and so the welfare weight effect would not support any age-dependence at the limit. Therefore, at very high levels of earnings, optimal age dependence reflects a simple trade-off between the relative Pareto parameters-the key mechanism in previous work arguing for higher marginal rates on the old (Kremer, 2001; Weinzierl, 2011 )-and career incentive effects which tend to call for lower marginal tax rates on the old as discussed above.
Age-Independent Taxes
As current tax systems in the world tend to make limited or no use of explicit age-dependence, it is of obvious interest to consider whether the career effects we introduce have any bite in influencing optimal age-independent tax schedules. This section therefore characterizes the optimal age-independent, nonlinear income tax schedule T (z) with corresponding marginal tax rate schedule τ (z). We will see that it is still possible to express the optimal tax formula in terms of observable quantities and elasticities, and that the key effects discussed above are still present and affect the level and profile of marginal tax rates. In this setting, we have
Proposition 3. The optimal age-independent tax schedule T (z) is associated with marginal tax rates
where Proof: Again, we prove the result directly using the perturbation method, leaving the Hamiltonian method and the demonstration of their equivalence for appendix B. The perturbation that we consider is similar to the one depicted in Figure 1 , except that it pertains to the unique tax schedule faced by both the young and the old. Hence, the marginal tax rate on both the young and the old is increased by a small amount dτ in a small earnings band (z, z + dz). We now characterize the social welfare effects of this tax reform.
Mechanical Welfare Effect All taxpayers with earnings above z face a mechanical increase in tax liability of dτ dz. For a young individual with earnings z > z the social value of this is given by dτ dz · [1 − g y (z )], while for an old individual at z > z the social value of this equals dτ dz · [1 − g o (z )]. The total mechanical welfare effect is therefore given by · z. The total tax revenue implications of these earnings response equal
Contemporaneous Earnings Effects
Aspiration Effect The higher tax rate in the earnings band (z, z + dz) induces young workers who anticipate being in this band when old to invest less in future wage increases. In particular, each young person in the band (z y (z) , z y (z + dz)) reduces earnings by −E yo · dτ 1−τ (z)
· z y (z). Since the total number of young workers responding through this channel is given by h y (z y (z)) dzy dz dz = h o (z) dz, the total tax revenue implications of the aspiration effect can be written as
Accumulation Effect The labor supply response of young workers in the band (z, z + dz) affects the wage rate and earnings of those workers when they become old. This effect implies that each old person in the band (
The number of old workers affected h o (z o (z)) dzo dz dz = h y (z) dz, and so the total accumulation effect on tax revenue is given by
Optimality At the optimal tax schedule, the sum of the different social welfare effects derived above must be zero:
By inserting the above effects in this optimality and noting that by the definition of α (z),
h o (z), we obtain the result in Proposition 3. The optimal age-independent tax schedule in Proposition 3 depends on weighted averages of the terms that were also present in the age-dependent tax schedules for the young and the old. Both the numerator and the denominator of equation (7) are averages of their counterparts for the age-dependent case in Proposition 1, where the weight on the young is given by the proportion of individuals at that earnings level who are young, α (z). Hence, the same basic effects that we discussed earlier in section 3.2 are still at play in the determination of age-independent taxes.
Because individuals have increasing earnings profiles over the life cycle, higher income levels will be populated to a larger degree by older workers than by younger workers, and vice versa at lower income levels, implying that α (z) is decreasing in z. This implies that at the bottom the optimal age-independent tax rate τ (z) puts a relatively high weight on the young and is therefore closer to the age-dependent tax rate on the young τ y (z), whereas at the top the optimal age-independent tax rate τ (z) puts a relatively high weight on the old and is thus closer to the age-dependent tax rate on the old τ o (z). This in turn implies that the earlier conclusions regarding optimal age-dependence (i.e., the difference between τ y (z) and τ o (z) at each earnings level) in the age-independent case manifest themselves as an effect on the profile of the marginal tax rate with respect to earnings (progressivity of τ (z) with respect to earnings). If there is a welfare argument for age-dependence favoring the old (τ o (z) < τ y (z)), this would in itself lower marginal tax rate progressivity in the age-independent schedule as higher earnings levels put more weight on τ o (z). in practice. In sections 2 and 3 above we have shown that the key sufficient statistics for optimal income taxation are the long-run earnings elasticities (including career effects) of the two age groups to the tax rate at each age. As argued earlier, this is not what is identified by the micro literature on labor supply and taxable income responses, which mostly studies short-run earnings responses to contemporaneous tax rates. In practice, this literature comes closer to estimating the static elasticity e in our framework than the dynamic career-inclusive elasticities E ij elasticities (see Piketty & Saez, 2013 for a similar argument).
Nevertheless, as equation (4) shows, the E ij elasticities are functions of the underlying static elasticity e and the elasticity of future wage rates with respect to current earnings δ. While the voluminous literature on labor supply and taxable income responses can serve as a guide to what a reasonable value for the static elasticity e is, there is no such ready guidance when it comes to a reasonable value of the career elasticity δ. A careful estimation of this parameter is beyond the scope of this paper, but there is a very large literature on experienceearnings profiles in labor economics from which we can learn something about the likely size of δ. We therefore conduct a meta-analysis of this literature, focusing on 17 empirical papers studying the effects of experience, tenure and seniority on wages whose estimates permit the derivation of an estimate of δ.
In order to derive this estimate, we must perform a simple transformation of the reported estimates as most of these papers model log wages as polynomials in experience along the lines of ln (w) = α + β 1 EXP + β 2 EXP 2 + ε whereas we want to estimate an elasticity δ = ∂ ln (w) /∂ ln (EXP ). To derive an estimate of δ we note that by the chain rule
and by the inverse rule of calculus
= x and so we can derive an estimate of δ aŝ
whereĒXP is the sample mean of EXP , and we can obtain standard errors by the delta method wherever the papers provide the necessary variances. We can also extend this to higher-order polynomials where the appropriate sample means are available. Many papers use multiple measures of experience, for example total labor market experience EXP and tenure in the individual's current job T EN as in equation (9).
In this case, a similar derivation to that above suggests that we should use variants of Notes: The 108 estimates of δ whose distribution is shown are derived using variants of equation (8) where appropriate (the vast majority of cases) and the regression of predicted wage levels on log experience levels as outlined in the text in the remaining cases. The black line is a kernel density estimate, and summary statistics of the distribution are displayed in the table below the figure. δ = β 1 + 2β 2Ē XP Ē XP + γ 1 + 2γ 2T EN T EN as our estimate. Finally, some papers, particularly those using more structural methods, present tables of predicted wages at various levels of experience rather than polynomials in experience. For these, we combine the estimated wage levels by simply regressing the predicted log wage on the log of experience, and again obtaining standard errors by the delta method where possible.
Applying these methods we are able to derive 108 estimates of δ. A full table of the estimates along with references to the exact locations in the papers and the methods used by the authors is in the online appendix, but Table 1 summarizes our findings. For each of the 17 papers, Table 1 presents the dataset(s) used, the population(s) studied, and the method(s) employed, as well as the average derived δ and its standard error, where the average δ is weighted by the number of observations used to estimate each δ in the paper. Table 1 shows that while the estimates vary slightly from paper to paper, they mostly agree that δ lies roughly between 0.15 and 0.4 implying that a 10% increase in experience is associated with an increase in wages of between 1.5% and 4%. To reinforce this point, Figure  2 shows the distribution of all 108 estimates of δ with an overlaid kernel density alongside some summary statistics of the distribution which again show that 80% of the estimates lie between 0.19 and 0.38 with a mean of 0.29. 1966 -1984 Men born 1942 -1952 during 1966 -1981 Women born 1944 Women born -1954 Women born during 1968 Women born -1984 IV-GLS potential and actual experience 0.23 (0.016) Neal (1995 Neal ( ) 1984 Neal ( -1990 1975 -1994 NLSY 1979 NLSY -1994 Men Notes: Theδ column shows the average of the estimates of δ derived from the estimates in the paper according to variants of equation (8) where appropriate (the vast majority of cases) and the regression of predicted wage levels on log experience levels as described in the text in the remaining cases. The estimates are weighted by the number of observations used to estimate them and where possible, the standard error of the estimate is computed using the delta method.
Numerical Simulations
Methodology
Our simulation method extends the procedure developed by Saez (2001) to a setting with dynamic wage rate effects. To perform numerical simulations, we first have to calibrate the three primitives of the model: the distribution of innate ability F (n), the function relating the wage rate when old to innate ability and effort when young ω (n, z y /n), and the static earnings elasticity parameter e. In the existing literature where the wage rate is exogenously given by innate ability, it is sufficient to use the first-order condition for earnings and an assumption about the earnings elasticity e to infer the ability level of an individual from the observed earnings and marginal tax rate of the individual. In our setting where the wage rate when old is endogenous to effort when young, the ability distribution cannot be determined quite so straightforwardly. Below we describe how F (n) and ω (n, z y /n) are calibrated in a manner that maintains the spirit of the method in previous work. The calibration starts from micro data containing information about earnings, marginal tax rates and age in the United States. We obtain data on earnings and age from the 2007 round of the Panel Study of Income Dynamics (PSID), which we combine with the NBER TAXSIM model to get data on marginal tax rates.
10 To operationalize the simplification to two age groups in our model, we split the sample into the young and the old using the median age in the sample (equal to 41 years) as a cutoff. We estimate smooth earnings distributions of the young and the old from the PSID data using an adaptive kernel density estimator. Since the data are sparse for high earners and affected by top-coding of income, we follow the standard approach in the literature and fit a Pareto distribution to the upper tail of the earnings distribution. In particular, we assume that earnings are Pareto distributed above an annual income level of $150,000 for both the young and the old. To estimate the Pareto distribution's shape parameter a, we note that a Pareto distribution implies
is defined as average earnings among those with earnings above z. Hence, the Pareto parameter a is estimated by regressing z m /z for z between $100,000 and $150,000 on a constant, and take the estimated intercept as our estimate of a/ (a − 1). Having obtained the empirical distributions of earnings and marginal tax rates of the young and the old, the calibration method proceeds in the following steps. First, using the first-order condition for earnings as old (3) and an assumption about the value of e, we can back out the wage rate ω for each old person based on information about z o and τ (z o ). This gives us a wage rate distribution for the old, J (ω), associated with the current tax system and earnings choices. Second, we create life-cycle earnings profiles by pairing earnings observations for the old z o with earnings observations for the young z y in the cross-sectional data that we use. This pairing is done using a no rank-reversal assumption that corresponds to the theoretical model: it is assumed that each individual's rank in the earnings distribution when old is the same as in the earnings distribution when young, i.e. H o (z o (n)) = H y (z y (n)). Hence, each earnings observation for the old is linked to an earnings observation for the young according to
Notice that the optimal tax problem considered above already makes such a no rank-reversal assumption by requiring that z y (n) , z o (n) are monotonically increasing in n to guarantee implementability. What we do here is to extend the assumption to the current (potentially non-optimal) tax system. Third, having obtained the variables (z y , z o , τ y , τ o , ω) for each individual in the sample, it is now possible to use the first-order condition for earnings as young (2) along with assumptions about the values of e and δ to infer innate ability n for every individual. For simplicity, we assume that the career elasticity δ is constant across individuals of different abilities, i.e. we assume that the wage rate when old ω (n, z y /n) is iso-elastic with respect to effort when young z y /n, and show simulation results for three different scenarios: a benchmark scenario with δ = 0 and scenarios with career elasticities δ = 0.2 and δ = 0.4 in order to span the realistic range established in the meta-analysis above. Fourth, we specify that the wage rate when old is ω = ω (n, z y /n) = ω 0 (n) · zy n δ where ω 0 (n) is the baseline wage for an old person with innate ability n in the absence of any career investment effects. As the preceding steps have established information on n, z y , ω for each individual and we make an assumption about δ, we can back out a baseline wage ω 0 (n) ensuring that the function ω (·) is satisfied for every individual. This concludes the calibration as we now have information about all the primitives of the model.
Finally, in order to simulate optimal tax rates, we must specify the social welfare criterion and the aggregate tax revenue requirement R. We follow the literature and adopt a CRRA social welfare function
, where γ ≥ 0 measures preferences for equity.
We consider a case with "moderate" equity preferences (γ = 1) and a case with "strong" equity preferences (γ = 10). The revenue requirement R is set equal to 10,000. The aggregate income varies from one simulation to the other as income levels are endogenous to the tax schedule, but this revenue requirement corresponds to between 8% and 11% of aggregate income. We always check that the optimal tax schedule leads to z y (n) , z o (n) that are everywhere increasing in n as this is a necessary and sufficient condition for the path of z y (n) , z o (n) to be implementable via a truthful mechanism (as described earlier). 
Results
Figures 2 and 3 show simulation results for age-independent and age-dependent tax schedules under various plausible levels of the parameters of the model. We assume that the elasticity parameter in the utility function is given by e = 0.5 throughout (corresponding to the static earnings elasticity without career effects), and consider three different values for the behavioral career elasticity δ ∈ {0, 0.2, 0.4} as well as two values of inequality aversion γ ∈ {1, 10}.
In Figure 2 where γ = 1, simulations of the age-independent tax schedule in the topleft panel show that when behavioral career effects of work effort are stronger, marginal tax rates are reduced everywhere. The age-independent marginal tax rate asymptotes to about 44% when δ = 0, 39% when δ = 0.2, and 34% when δ = 0.4. We can also see that the U-shape of the optimal tax schedules becomes less pronounced as career effects become stronger, demonstrating our earlier conclusion that age-independent tax schedules exhibit less progressivity when accounting for endogenous career effects than in standard models 
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For the age-dependent case, when there are no behavioral career effects of work effort (so that the wage as old is determined mechanically from innate ability according to ω = ω 0 (n)), the optimal tax system is associated with weak age dependence favoring the young-the marginal tax rate asymptotes to about 45% for the old, but only 43% for the young. However, once we start introducing behavioral career effects through a positive δ, optimal age dependence quickly shifts in favor of the old. At a modest behavioral career effect of δ = 0.2, marginal tax rates asymptote to around 45% for the young and 37% for the old. For a stronger behavioral career effect of δ = 0.4, age dependence in favor of the old becomes extremely strong with the young asymptoting to a tax rate around 53% and the old asymptoting to a tax rate around 27%.
In Figure 3 where inequality aversion is stronger at γ = 10, marginal tax rates are everywhere higher with stronger effects at the bottom than at the top of the distribution due to the fact that the social welfare weight g (n) converges to zero as n becomes very large under any γ. Nevertheless, the qualitative conclusions regarding the implications of career effects for the level of marginal tax rates and age dependence remain the same. These simulations thus demonstrate that for plausible parameter values, the effects our analytical results highlight are quantitatively important with significant implications for both age-independent and agedependent tax schedules. The stronger are behavioral career effects, the lower should be age-independent marginal tax rates and the greater should be the degree of age dependence in favor of the old.
Conclusion
The fact that wage paths are endogenous to hours worked and therefore to tax rates has been neglected in the optimal income tax literature. In this paper, we have presented analytical results on optimal income taxation when future wages depend on current hours worked and explored the quantitative importance of such career effects through simulations using US data. In the case of age-independent annual tax schedules, career effects of work effort reduce the level of marginal tax rates at all earnings levels and make marginal tax rate schedules flatter. In the case of age-dependent annual tax schedules, career effects of work effort reduce the level of marginal tax rates on the old and increase the level of marginal tax rates on the young, conditional on earnings, thereby providing an argument for age-dependence favoring the old. Our simulations for the US suggest that reasonably modest career effects of work effort may call for substantially lower taxes on the old. We interpret these results as being driven by two effects: an elasticity effect coming from how career effects change earnings elasticities with respect to taxes at different points in the life cycle, and an equity effect coming from how career effects create a negative correlation between age and innate ability conditional on earnings. These two effects dominate an offsetting effect coming from the fact that the hazard ratio of the earnings distribution is larger among the old than among the young. These findings are opposite to the recent literature on age-dependent taxation based on the standard framework with exogenous wage paths (Kremer, 2001; Weinzierl, 2011; Golosov et al., 2011; Farhi & Werning, 2012) .
Our framework is highly stylized in order to highlight the implications of career effects as starkly as possible. In future work it would be interesting to relax the assumption of quasilinear utility so as to introduce savings into the model, which may interact with the optimal income tax schedule and age dependence in important ways. Also, while our analytical framework did not assume that the strength of behavioral career effects was constant throughout the ability distribution, our numerical simulations for the US were based on this simplifying assumption (i.e. we assumed that δ was constant). However, some empirical evidence suggests that experience effects on future wages are larger at the top than at the bottom of the distribution (e.g. Card & Hyslop, 2005) , which has potentially important implications for the optimal progressivity of marginal tax rates. Perhaps the most important call for future research emerging from this paper is the need to explore ways to credibly estimate earnings elasticities that incorporate dynamic wage rate effects to allow for proper implementation of the expressions for optimal income taxes derived here.
A Proofs of Lemmas 1 -3
The derivation of the earnings elasticities is a straightforward application of the implicit function theorem to the system of two first-order conditions.
The implicit function theorem states that 
, and hence that
From here, proving Lemmas 1 and 3 is straightforward. Proving Lemma 2 also requires differentiation
. For this, we repeat the procedure above applying the implicit function again to the first order conditions to get that
and from here proving Lemma 2 is just further tedious algebra.
B The Full Hamiltonian Method and Its Equivalence With the Direct Method
Analogously to the method of Mirrlees (1971) and Diamond (1998) , we will treat lifetime utility as the state variable and the earnings levels as the control variables. Recall that lifetime utility is given by
Which has first order conditions
Differentiating utility and letting dots denote derivatives with respect to abilitẏ 
B.1 Age-dependent Taxes
Turning first to the case of age-dependent taxes, the government's problem is to
where we use the first-order approach to substitute the first-order conditions for the complete incentive compatibility constraints. When taxes are dependent on age, the planner has two control variables available, z y and z o which she can manipulate independently and so the optimality conditions are that
First note that integrating equation (13), and using the transversality condition,
For the young, substituting the first order conditions into (11) we get that −pf (n) T y + µ 1 + 1 e
which combined with equation (14) yields
issues. For technical details on double deviations and the requirements for double deviations not to be an issue, see Kocherlakota (2004) in the context of unemployment insurance and Ábrahám & Pavoni (2009) in the context of income taxation with hidden saving.
or that
B.3 Equivalence of the Hamiltonian and Direct Methods
Here we demonstrate the equivalence of the two methods for the age-dependent tax schedule for the young. The demonstration for the age-dependent tax schedule for the old and the age-independent tax schedule follow the same steps, and are left to the interested reader. The following lemma akin to Lemma 1 in Saez (2001) but for our setting will be useful in demonstrating this equivalence.
Lemma 4. For any tax schedule T not necessarily optimal and not necessarily age-dependent, the earnings functions z yn and z on are non-decreasing and satisfy the following system of differential equations. Proof. Starting with the young, first note thatż yn /z yn = l yn /l yn +(1/n). Since there are no income effects, we can write the labor supply of a young individual of ability n as a function of the wages in the two periods l yn = l y (w yn , w on ) where w yn = n 1 − T y and w on = ω n (1 − T o ). This means thaṫ which finishes the proof.
In particular, lemma 4 shows that for a tax schedule linearized around the optimum, we will havė
It is also useful to note that combining (15) and (16), 
Using ( 
